
DISSIPATIVE SPECTRAL TRANSFERS OF TURBULENT 

PLASMA PULSATIONS 

V. G. Makhan'kov and V. N. Tsytovich 

We discuss the excitation of low-frequency (o~ s << Veme/m i) acoustic vibrations by a beam 
of t r ansve r se  (rf) waves.  It is found that under certain conditions the dispers ion (and 
not s imply the excitation increment) of the low-frequency acoustic vibrations is uniquely 
connected with the rf  wave energy density. 

Io It is well known that plasma turbulence spectra are determined by the intensity of the transforma- 
tion along the spectrum of the energy of the turbulent pulsations excited as a result of plasma instability. 
If the turbulence is quasistationary and the characteristic lifetime of the stationary turbulence is much 
greater than the pairwise collision frequencies, then the interaction of the turbulent pulsations may depend 
very significantly on the pairwise collisions of the particles. A calculation was made in [I] of the effective- 
ness of such interactions under conditions when the difference of the frequencies of the two interacting pulsa- 
tions is much greater than Veme/m i (me and m i are respectively the electron and ion masses; the plasma 
is fully ionized; and v e is the electron collision frequency between the electrons and ions of the plasma). 
The more exact criteria necessary for applicability of the results of [I] have the form (violation of the first 
condition (I.I) does not lead to any significant change of the results of [1], leaving them valid in order of 
magnitude): 

t 2 m e 
. , --rn~ (1.1) 

The purpose of the present  study is to analyze the nonlinear interactions and charac te r i s t i c  t imes for  
the spectra l  t r ans fe r s  under conditions when (1.1) is violated. It will be shown that under these conditions 
kinetic excitation of low-frequency vibrations by the high-frequency (as a resul t  of decay type processes)  
is not possible,  and hydrodynamic excitation occurs  only under conditions of ve ry  narrow spect ra  of the 
high-frequency vibrat ions.  However, in this frequency region a new specific form of instability, associated 
with the dissipative nature of the p rocess ,  is possible.  

In contras t  with high-frequency wave t r ans fe r s  under the conditions (1.1), the spectra l  t r ans fe r s  ex- 
amined below are  dissipative,  i.e~ the rea l  nonlinear cor rec t ions  to the frequency may be significantly 
smal le r  than the imaginary  cor rec t ions .  

In the region in question the thermal  motion of the par t ic les  affects only the spect ra  of the turbulent 
pulsation frequencies (but not their  interaction);  therefore  it is possible to use the two-fluid hydrodynamic 
equations [2] to descr ibe  this interaction.  It will be shown that the hydrodynamic equations make it possible 
to obtain the resul ts  of [1] under the conditions (1.1) if the fr ict ion force  between the electrons and ions for  
the high-frequency vibrations is considered equal to (-meneVeU) ra ther  than (-0.51meneVeU). This is easy 
to understand if we consider  that the coefficient 0.51 appears only under conditions of frequency collisions 
c0 << ~e, while under conditions of weak encounters di rect  calculation of the fr ict ion force  yields (-meneveU).  
The sys tem of equations written out below, taking this c i rcumstance  into account, can be considered semi-  
phenomenologieal.  The justification for  its use is confirmed by kinetic calculations [1]. 

Dubna. Transla ted  f rom Zhurnal Prikladnoi Mekhaniki Tekhnieheskoi Fiziki ,  Vol. 10, No. 6, pp. 23- 
29, November -December ,  1969. Original ar t ic le  submitted September 4, 1968. 

�9 Consultants Bureau, a division of Plenum Publishing Corporation, 227 ~/est 17th Street, New York~ 
N. Y. 1001I. All rights reserved. This article cannot be reproduced for any purpose whatsoever without 
permission of the publisher. A copy of this article is available from the publisher for $15.00. 

861 



2. We w r i t e  out t h i s  s y s t e m  
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( 2 . 5 )  

R = R u @ R T ,  q e : q J @ q T  e, U : V e - - V  i 

H e r e  R U is  the  f r i c t i o n  f o r c e ,  R T is  the  t h e r m a l  f o r c e ,  me ,  m i  a r e  the  m a s s e s ,  ne ,  n i a r e  the  c o n -  
c e n t r a t i o n s ,  and Te ,  T i a r e  t he  t e m p e r a t u r e s  of t he  e l e c t r o n s  and ions ,  r e s p e c t i v e l y :  

O T  e R T = - - 0 . 7 1 n e ~ ,  R u = - - n e m ~ v e U / 0 " 5 l  for c~ (2.6) 
U-O for CO>~>Ve 

qu ~ = 0.71 n~T~U qT e = - -  3.~6 neTe ate niTi OTi 
m% ar ' q ~ = - - 3 . 9 m i v i  0--7-" 

O, = - ( n c )  - Q~, q~ = 3 ' ~  

ae ~ - - - 0 . 7 3  %T W( 0 0 96 'zfl W(~ 
, Ve  , ,  ~ ~ i ,  c ~  = - -  �9 v i  

OV:, OV~ 2 6~ div V 

The q u a n t i t i e s  v e and v i a r e  the  c h a r a c t e r i s t i c  c o l l i s i o n  f r e q u e n c i e s  of the  e l e c t r o n s  and ions  with 
the  o t h e r  p a r t i c l e s  ( e l e c t r o n s  and ions)  of the  p l a s m a ,  which  depend  in a known f a sh ion  on the  t e m p e r a t u r e  

# 

(~T/eV2) and d e n s i t y  of the  p l a s m a .  

We s h a l l  u se  th i s  s y s t e m  of equa t ions  to s tudy  n o n l i n e a r  i n t e r a c t i o n s  of h i g h - f r e q u e n c y  p u l s a t i o n s  

co+ ~ (~ CO0e = (4ztn~e ~ / me) ~/~ 

In the  n o n l i n e a r  p o l a r i z a b i l i t i e s  of the  p l a s m a  we s h a l l  t a k e  into accoun t  t e r m s  which  inc lude  no 
h i g h e r  than  the  s econd  p o w e r  of co + in the  d e n o m i n a t o r .  We  expand  a l l  q u a n t i t i e s  in p o w e r s  of t he  e l e c t r i c  
f i e l d  i n t e n s i t y  up to and inc luding  t e r m s  of t h i r d  o r d e r  in E 

V = ~ ,  Vd>,  n = n 0 + ~ ,  nd), r = T 0 + ~ .  TO> (2.7) 
i=l ~=i 2"=1 

VO ~ ( E y ,  n(J) ----'(.E) 5, Td) ~ (E)J 

H e r e  n o = <n), T O = (T)  a r e  the  a v e r a g e  v a l u e s  of the  t e m p e r a t u r e  and d e n s i t y  in t he  t u r b u l e n t  p l a s m a .  
We can  u s e  (2.7) if 

(nO) / no) , (TO) / T0) . . . .  ~ t 

We  note  i m m e d i a t e l y  tha t  the  p r e s e n c e  of h i g h - f r e q u e n c y  t u r b u l e n t  p u l s a t i o n s  a f fec t s  the  a v e r a g e  
p l a s m a  p a r t i c l e  d i s t r i b u t i o n  funct ion  and l e a d s  to  t he  s o - c a l l e d  c o l l i s i o n a l  he a t i ng  [3]. The  equa t ion  f o r  
t he  change  of t he  a v e r a g e  p l a s m a  t e m p e r a t u r e  in t he  h i g h - f r e q u e n c y  p u l s a t i o n  f i e l d  has  a f o r m  ana logous  
to  tha t  u sed  in [3] fo r  hea t i ng  by  a m o n o c h r o m a t i c  wave:  

3 0 e ~ f' l Ek I ~ dk m e 
-- 3 - - % ( T o ~ -  Tod (2.8) 2 at Tc~= m-~ %~ (o+) ~ m~ 

D5 e 
3 0 To i=  3 - - % ( T o ~ - - T o 0  (2.9) 
2 Ot  rn  i 

A c c o r d i n g  to  [3] ( this  fo l lows  a l so  f r o m  (2.8), (2.9)) du r ing  t h e  t i m e  r ~ (1 /v  e) the  e l e c t r o n  t e m p e r a -  
t u r e  i n c r e a s e s  only  by  

/ ~Oe ,,2 W 
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s ince  by a s sumpt ion  
(W l noToe) ~ l ,  (o + ~ (ooe 

The ion t e m p e r a t u r e  i n c r e a s e  is 

m 
AT0i~  3 ~-(~ AT0~ 

Af t e r  the t ime  ~- = ~-l = (mi /meve)  the d i f fe rence  of the a v e r a g e  e l e c t r o n  and ion t e m p e r a t u r e s  ap-  
p r o a c h e s  a p la teau 

Toe--To ,  t mi (~ 2 W 
Toe ~ - ~ - ~  - ~ -  ~oToe 

and the  ion: t e m p e r a t u r e  i n c r e a s e s  by 

We denote  

ATol m i (O}oe~ ~ W 

m e o)+ 2 
W~ : "~i noTo~ -- 4~ 

H e r e  Ep is the s o - c a l l e d  p l a s m a  field,  and Wp is the  p l a s m a  field e n e r g y  dens i ty .  Thus ,  if W << Wp, 
the e l ec t ron  and ion heat ing effect  can be ignored .  If the p l a s m a  is weakly  ionized,  the co l l i s ions  of the 
ions with the neu t r a l s  m a y  not p e r m i t  them to r a i s e  the t e m p e r a t u r e  suff ic ient ly  high, and then the ion t e m -  
p e r a t u r e  can be cons ide red  cons tant  and equal  to T, and the e l ec t ron  t e m p e r a t u r e  0- >> ~" 1) can be cons ide red  
equal to T(1 +W/Wp) .  F o r  W >>Wp we have Toe >>Toi. In such a s y s t e m  turbulen t  heat ing as a r e su l t  of non-  
l i nea r  exci ta t ion  of  ion sound is poss ib le .  

Let  us r e t u r n  to (2.1)-(2.5).  We find the solut ion of  this  set  of equat ions  fo r  V (2), n (2), T (2), and V (~), 
n0) ,  T0) ,  with the aid of which we then find the non l inea r  s e c o n d - o r d e r  po la r i zab i l i t y  with r e s p e c t  to the 
f ie ld  Sl(k , kt, k2), defined by the  equal i ty  

]k* = i S1 (k, ki, k~) E~,+E~*~ (ki + k~ - -  k) dkidk2 (2 

Let  us evaluate  the t e r m s  appea r ing  in the m o m e n t u m  t r a n s p o r t  equat ion (2.2). To find S t we m u s t  
know V(i), n ( l )  T(i), c o r r e s p o n d i n g  to the high f r e q u e n c y  co+; by d i sca rd ing  the d i s s ipa t ive  t e r m s  fo r  the 
high f r equency ,  we can obtain high frequency, we can obtain 

k r r(1) eE~ w(i) 1. ~4 T~ 
z%~ Tr(1) i , ~ = (2.11) 

Here  we c o n s i d e r  the f ield Ek to be longi tudinal  f o r  s impl ic i ty .  Using (2.11), it is not diff icult  to  
show that  the sum 

0 ~tr(1) en~l)E~ = 0 mene --~ re ,  cz -~ 

The t e r m  On0)T(e0/axa in (2.2) can be shown with the aid of (2.11) to be ~E~/(w+) t, and t h e r e f o r e  it can 
be neg lec ted .  S imi la r ly ,  cons ide r ing  the expans ion  (2.7) and f o r m u l a  (2.11), it is e a s y  to show that  with the 
r e q u i r e d  a c c u r a c y  

A ~ noToe Tx](e) (2), iffz(e) (2) V~2) 

' '~e ( O e )  

and the magni tude  of the f r i c t ion  f o r c e  m u s t  be cons ide red  equal to 

R = - -  0.51 menove U (2)- 0.7t no T~ ~) 

The t e r m s  in the  e n e r g y  t r a n s p o r t  equat ion (2.4) can be eva lua ted  s i m i l a r l y  
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qe ----- 0.71 noToeU( ~ ) -  3 .~6 noToe 0 ,~,(~) V$ ~) m i 
mere - ~  .re ~, V~l) - -  me 

Q~ (R(~)U(')) 3 m~ : . . . .  'ttesVOVe--e ~e - -  

Fina l ly ,  the quant i ty  

_(1) OV(O ~ kl VTe e,= - -  Q, for k l V T e ~ V e  

will  be  s m a l l .  

Eva lua t ing  s i m i l a r l y  the t e r m s  a p p e a r i n g  in the ion t r a n s p o r t  equat ion,  we f ina l ly  obta in  the  equa -  
t ions  fo r  the  c o r r e c t i o n s  of second  o r d e r  in E: 

- + 3 - - ~  - -  i kv~e  - -0 .7  i~c ~ + 

- -  q -  ~ : ,, - ~ - , ~ , ~ - -  i(o + t.28 + i + 3 "h ~e T~-oe Toe ~ 

T(~) T(~) me U('a' -}-'-~i'eE~(. k~v~i m e ) T ( ~  > - ~ "~ + 0 7 ~ i a ~ : ~ o  7 + 0 5 ~  .3 = - -  II~UTi TO-'---( " ml ~2- vi Tol 

m e T~) e 
d)~ = 6 (k - -  k~ - -  k~) dk~dk~, k : {k, co} = - i ~ V ( ~  ) + 3 - = -  ~e , 

Toe ,,~ 

Solving th i s  s y s t e m ,  we obta in  

H e r e  

W~q = ikVeAe i lr(1) 17(1)d~ 
~r tl r / i t  ~k2  ~*~ 

(D e = - -  iO) -L i ]~YTe2 ~- t . 71  ~VT~ (i + 5~ ) 

3 ]~2VTe'Z (SV) ~ 

~ -  ---~--[ ~ ) ,  0.5tv, + 1.7~ 0.71 - -  ~ t~, 

A ~ = , . 7 , +  m= ~_L(~ 8~) (, 
me % \ + ~ , Ar = 0.7t 6v~r %x~ _L.~ 5y_v '~9.i ) 

(2.12) 

(2.13) 

(2.14) 

The sought  e x p r e s s i o n  f o r  S l has  the f o r m  

, enokv e [ Ae , me A i ~ V(1) V(1) 
- - - -  ~' ~------~'~ ~ V(2) - -  V(~ (2.15) 

F o r  o)>>6v, kVTi the r e s u l t  (2.15) co inc ides  with tha t  obta ined  in [1]. Thus ,  (2.13) g e n e r a l i z e s  the  
r e s u l t s  of [1] to the  e a s e  co~ 5v and co ~kVTi.  

The  non l inea r  c u r r e n t  $2, def ined by the r e l a t i on  

] Z  = f S~ (k,  k l ,  k2) Ek,~Ek~ *d~, (2.16) 

has  f o r m a l l y  the  s a m e  f o r m s  as in [1] 

ie3nok~ (kkl)  ( 2 . 1 7 )  
$2 (k, kl, k~) = rnd~x~e~#k 1 

w h e r e ,  howeve r ,  ~, a~ e a r e  def ined by  (2.14). F ina l ly ,  the non l inea r  t h i r d - o r d e r  c u r r e n t  is  connec ted  with 
the  s e c o n d - o r d e r  c u r r e n t  by  the  r e l a t i on  found in [1]. 
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We s h a l l  p r e s e n t  an e x a m p l e  of the  c a l c u l a t i o n  of the  s p e c t r a l  t r a n s f e r s  of L a n g m u i r  waves  if the  3 .  

d i f f e r e n c e  of t h e i r  f r e q u e n c i e s  is  l e s s  than  6v. A s i m p l e  c a l c u l a t i o n  y i e l d s  

l 0 i~ 1.7~Venoer ~ ] k - -  kl  1 ~ (kkl) ~ O e ] Ekl [~ dkl 
Yk - -  I E k ['z Ot I E k  : m~m e~(OOe8 R e  ~ . ' ( 3 . 1 )  (OeZ~ek~kl ~ (0i(o) --  ol) [1 --[- meO)e/mioi| 

M o s t  e f f ec t i ve  i s  the  i n t e r a c t i o n  of w a v e s  whose  f r e q u e n c y  d i f f e r e n c e  is c l o s e  to  the  s p e e d  oJ s = 
~ k v T i  of sound v i b r a t i o n s  o r ,  m o r e  p r e c i s e l y ,  if 

A~ ~ , ]A~o-- % 1 > ~  (3.2) 

H e r e  5w=o~l-co 2 i s  the  d i f f e r e n c e  of the  i n t e r a c t i n g  wave  f r e q u e n c i e s .  We  obta in  the  e s t i m a t e  

(5~--%)~0~ W (3.3) 
Tk ~ - " (/wT e / vepv e noTo~ 

If AW--W s iS of o r d e r  (kZVTe~/Ve), then  Yk is  of o r d e r  

%~%~ W (3.4) 
~k , ~  k~VTe ~ noTo e 

F o r m u l a  (3.4) shows tha t  such  i n t e r a c t i o n s  a r e  v e r y  e f f e c t i ve .  H o w e v e r ,  in u s ing  th i s  r e l a t i o n  we 
m u s t  b e a r  in m i n d  tha t  W/n0T0e << (me /m i) and,  m o r e o v e r ,  only  t h o s e  waves  hav ing  v e r y  c l o s e  f r e q u e n c i e s  
Aw~O~s <<(veme/mi )  i n t e r a c t  i n t e n s e l y .  The  a c t u a l  s p e c t r a  of the  L a n g m u i r  v i b r a t i o n s  in a t u r b u l e n t  p l a s m a  
m a y  b e  c o n s i d e r a b l y  b r o a d e r .  T h e r e f o r e ,  we a r e  d i s c u s s i n g  h e r e  t r a n s f e r  of the  " c a s c a d e "  t y p e  ( see  [5]). 

4o Let  us  e x a m i n e  as  a n o t h e r  e x a m p l e  the  p o s s i b i l i t y  of the  d e c a y  of h i g h - f r e q u e n c y  w a v e s  (for e x -  
a m p l e ,  t r a n s v e r s e  l a s e r  w a v e s  u n d e r  cond i t ions  of l a s e r  spa rk ing )  into l o w - f r e q u e n c y  sound co s << (Veme/mi ) .  
It i s  not  d i f f i cu l t  to  s e e  tha t  the  d i s p e r s i o n  equa t ion  d e s c r i b i n g  th i s  p r o c e s s  has  the  s t a n d a r d  f r o m  [4, 5] 

~?(~  ~ ) ( ~  --N~ ~) d~ (4.~) 
(0 '-~- i y s - -  (2~) a j 0), [_A~Okk _~_i 5 

= - ~o~_k - ~ )  

H e r e  ~o' is  the  n o n l i n e a r  c o r r e c t i o n  to the  sound v i b r a t i o n  f r e q u e n c y  u(k, k~), which  is  u s u a l l y  the  
p r o b a b i l i t y  of the  d e c a y  p r o c e s s  in q u e s t i o n  (in the  c o l l i s i o n l e s s  c a s e ) ,  and in the  p r e s e n t  c a s e  is p r o p o r -  
t i ona l  to the  p r o d u c t  of  the  n o n l i n e a r  p o l a r i z a b f l i t i e s  S~ and  S 2 

v ~ �9 *' - --~o[,_ k) ( 4 . 2 )  ,,~ ,a SI  (k, (Ok, - -  O3kt_ k, kl, O)k~, k - -  kl, 

t " k ,  I~e~0~) • t6 (~k,_~ + Re ~d) s~(~' ~ - ~  + ~ e ~ ;  k~--k ,  %,_~, 
(0o3~e t ((% k~ --  k) / 0(o)~ 

H e r e  the  s u b s c r i p t s  1, 2, 3 on the  p a r e n t h e s e s  deno te  the  c o r r e s p o n d i n g  s u b s t i t u t i o n s  of  the  v a l u e s  
of ~o 

t 
co = ~e (OkS~ O) = O)k~f, ~0 = O)k~_ k 

U s u a l l y  k i n e t i c  n o n l i n e a r  i n s t a b i l i t y  o c c u r s  when A(0kk, ~ o)" ( see  [4, 5]) and the  i n t e g r a n d  is p r o -  
p o r t i o n a l  to (-- i~6 (A(0kkl)). In the  c a s e  r ~ < (veme / m~) it fo l lows  f r o m  (2.15) and (2.17) tha t  

(ks, kl--k)~ 
u(k,  k,) = i ' 7 i  (2n)~Ve~176 ( t  ~-  k l e [ k l _ _ k [ ~  ] ( 4 . 3 )  

8 o)~, co~t_k4~U0T0 e 

In ob ta in ing  (4.3) we d r o p p e d  s m a l l  t e r m s  of o r d e r  (k~vTr veC0k~). C o n s e q u e n t l y  (Re u / Im u) ~ (?~/(0k~), 
and t h e r e f o r e  e x c i t a t i o n  of l o w - f r e q u e n c y  a c o u s t i c  v i b r a t i o n s  of the  d e c a y  t y p e  i s  not  p o s s i b l e  ( see  [4]). 

If the  t r a n s v e r s e  wave  b e a m  has  s o m e  f r e q u e n c y  s c a t t e r  A~ i and angle  s c a t t e r  Akl ,  we can  a s s u m e  
tha t  f o r  change  of ~o t and k 1 in the  i n d i c a t e d  i n t e r v a l s  the  m a x i m a l  v a l u e  of A~0kk, is  A t and m a x  (A(0kk~§ = 
A 2. We deno te  the  c o r r e s p o n d i n g  m i n i m a l  v a l u e s  by  51 and 62. If 6t, A~ and 62, A 2 a r e  l a r g e r  than  Re 
(02~, , the  new f o r m  of n o n l i n e a r  d i s s i p a t i v e  i n s t a b i l i t y  be ing  c o n s i d e r e d  a p p e a r s .  
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Let  62, A2 > (5i, Al, then 

l'71VeO~ la  N~ 
(o' ~- i% = i (2~)~SZnnOT,o~ (k, kl) ~ dkl 

I (k:t, k l -  k) ~ \ t f 
a(k, kl) - t tl t 7- k12[k,_kl~) , A(ok~ = (Ok, - -  (ok,-k 

(Ok O)k,_ k , 

(4.4) 

o r  

t 'TlVeO~ ~ [{k Oa (k, kx) \ 
( O ' @  i t s  = - - i  (2a),.32onnoToe ~ \ \  ~ ]  

(4.5) 

fo r  52, A 2~6t,  At,  k I >> k. 

F o r m u l a s  (4.4) and (4.5) make  it poss ib le  to evaluate  the non l inea r  exci ta t ion  i n c r e m e n t s  of the low- 
f r e q u e n c y  acous t i c  waves  p ropaga t ing  at an acute  angle to the t r a n s v e r s e  wave b e a m .  The  e s t ima te  us ing 
(4.4) y ie lds  

(floe / ma~ 3 Ve l/Vl ~ VTi 
T ~ ~ kc noToe c 

A s s u m i n g  that  verne / m~, (o~ ~ 7 ~ 7~, we obtain the condit ions under  which the exci ta t ion  (4.6) is poss ib le  

�9 rnirn'-2 ' Ve > ~ k  cot ] n o T o e /  re2 

The e s t i m a t e s  f r o m  (4.5) can be obtained s i m i l a r l y .  
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